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Abstract
The string theory calculation of the 1
2
-BPS circular Wilson loop of N = 4 SYM in the planar limit at next to leading order at
strong coupling is revisited in the ratio of its semiclassical string partition function and the one dual to a latitude Wilson loop with
trivial expectation value. After applying a conformal transformation from the disk to the cylinder, this problem can be approached
by means of the Gel’fand-Yaglom formalism. Using results from the literature and the exclusion of zero modes from a modified
Gel’fand-Yaglom formula, we obtain matching with the known field theory result. As seen in the phaseshift method computation,
non-zero mode contributions cancel and the end result comes from the zero mode degeneracies of the latitude Wilson loop.
1. Introduction
Wilson loops have played an important role in the study of
the correspondence between N = 4 SYM field theory with
gauge group SU(N) and type IIB strings in AdS 5 × S 5 [1],
as there exists a known description at both sides of the duality
[2, 3]. The 1/2-BPS circular Wilson is of particular relevance in
this correspondence as its expectation value in the planar limit
has been calculated in field theory to all orders in the ’t Hooft
coupling by means of diagram resummation [4] and supersym-
metric localization [5]. Exact results at all orders have allowed
for precision tests of the duality and for the development of
holographic techniques to compute these quantities.
In the string theory side, the expectation value of the Wil-
son loop is given by the partition function of a string whose
worldsheet encloses theWilson loop contour at the boundary of
AdS [6]. Evaluation of the string partition function can be per-
formed using the semiclassical approximation. In this case the
leading contribution corresponds to the regularized area of the
worldsheet describing the string classical solution [7], while the
next to leading order is described by small fluctuations around
the classical solution. Wilson loop string theory calculations
have perfectly matched field theory predictions at leading order,
however, matching at next to leading order has been achieved
only recently.
Based on the pioneering work in [8], early attempts at com-
puting the 1-loop string partition function for the circular Wil-
son loop lead to mismatches with the field theory prediction
[9–11]. A major obstacle for this computation is the unknown
normalization of the string partition function1. To circumvent
this problem, [13, 14] considered the ratio of the 1/2-BPS circu-
lar Wilson loop with a 1/4-BPSWilson loop with latitude angle
1Progress on this issue has been recently reported in [12].
θ0 ∈ [0, pi/2) in the Gel’fand-Yaglom formalism and obtained
the field theory prediction plus an additional term. This issue
was resolved to first order for infinitesimal small angle θ0 [15],
and for all values of θ0 using the phaseshift method [16], finally
recovering the field theory prediction for this ratio.
Building on these results, in [17] the 1/2-BPS Wilson loop
was computed in string theory at 1-loop by considering its ratio
with a “special” latitude Wilson loop with trivial expectation
value [18], finally achieving a precise matching with field the-
ory2. Using the phaseshift method, the final answer was shown
to come exclusively from the zero modes due to degeneracies
in the classical string solution of the latitude.
In this letter, we revisit the calculation of [17] using this time
the Gel’fand-Yaglom formalism [19]. This technique is widely
used for the evaluation of determinants due to its relatively sim-
ple procedure, but has not been used for Wilson loop string
computations in cases where zero mode exclusion is required.
The calculation of functional determinants with a zero eigen-
value has been widely studied in the literature since the early
work [20], and has led to modified Gel’fand-Yaglom expres-
sions coming from different approaches [21–25]. By revisit-
ing this Wilson loop calculation using a different technique, we
aim at enriching the toolbox for precision holography of Wilson
loops.
This paper is organized as follows. In section 2 we describe
the main features of the circular and “special” latitude Wilson
loops in field theory and string theory. Section 3 presents the
setup for the 1-loop string theory calculation of the ratio of Wil-
son loops following [17], while section 4 concerns the evalua-
tion of determinants using Gel’fand-Yaglom results and zero
mode exclusion. Finally, section 5 presents our concluding re-
2Matching with field theory was also recently obtained in [12] introducing
a normalization prefactor and using Heat kernel on an individual loop.
marks. Appendix A contains some results from the literature
for Wilson loops in the Gel’fand-Yaglommethod.
2. Circular and latitude Wilson loops in N = 4 SYM and
AdS5 × S
5
In N = 4 SYM with gauge group SU(N) the Wilson loop is
defined as [2]
W (C; n) =
1
N
〈
tr P exp
i
∫
C
(
x˙µAµ + i |x˙| nIΦI
)
dτ

〉
, (1)
where it is described by the contour C parametrized as xµ (τ)
and by the unit norm 6-vector nI in S 5 describing the coupling
to scalars.
The two Wilson loops considered here belong to a family of
latitude Wilson loops parametrized by an angle θ0, where the
1/2-BPS circle corresponds to the configuration where θ0 = 0,
while θ0 = pi/2 for the 1/4-BPS “special” latitude. Both Wilson
loops have the unit circle for C, while the coupling to scalars is
described by
n = (k cos θ, cosϕ sin θ, sin ϕ sin θ) (2)
with the parameters
C: θ = 0, k = (1, 0, 0) , ϕ = any, (3)
L: θ = pi/2, k = any, ϕ = τ, (4)
for the circular and latitude Wilson loops, respectively. We see
that for the circle, as θ = 0, n is at the north pole where ϕ is
arbitrary. Meanwhile, for the latitude, at θ = pi/2 the S 3 ⊂ S 5
shrinks allowing the unit 4-vector k to take any value.
The expectation values for these Wilson loops in the planar
limit are [4, 5, 18, 26]
WC =
2√
λ
I1
(√
λ
) λ→∞−→
√
2
pi
λ−3/4e
√
λ, WL = 1. (5)
In the AdS 5 × S 5 background described by the metric
ds2 =
dZ2 + dX2µ
Z2
+ dθ2 + sin2θdϕ2 + cos2θdΩ2
S 3
, (6)
the string configurations dual to these Wilson loops correspond
to
C,L : Xµ =
(
cos τ
coshσ
,
sin τ
coshσ
, 0, 0
)
Z = tanhσ, (7)
in AdS 5, while in S
5
C : θ = 0, L : ϕ = τ, cos θ = tanhσ. (8)
It is easy to see that at the AdS boundary, where σ = 0, the
strings end in the unit circle. Meanwhile, the 1/2-BPS circle re-
mains only at a point in S 5 while the 1/4-BPS “specia” latitude
extends inside the sphere. Note that for the latitude, as σ → 0,
the volume of S 3 shrinks to zero size and thus the angles in S 3
can take arbitrary values. The later is compatible with the field
theory description (4) with arbitrary k and explicitly shows that
the “special” latitude corresponds to a degenerate 3-parametric
family of solutions. These latitude string solutions are different
for σ , 0 and correspond to non-trivial moduli [18].
3. The perturbative string theory computation
3.1. Setup
In order to evaluate the string partition function it is neces-
sary to gauge fix, this is done by choosing the worldsheet metric
to be the metric induced by the classical solution [8]. This re-
sults in the following worldsheet metrics
ds2ws = Ω
2
(
dτ2 + dσ2
)
(9)
with
Ω2C =
1
sinh2σ
, Ω2L =
1
sinh2σ
+
1
cosh2σ
, (10)
for the circle and latitude, respectively.
Following the proposal of [13, 14], we consider the ratio of
these Wilson loops and omit contributions from ghosts and lon-
gitudinal modes as the configurations considered have the same
topology. Note that this assumption for ratios of circularWilson
loops is also supported by the results of [15–17, 27, 28].
Semiclassical evaluation of the string partition function for
the circle results in
ZC =
∫
DΦ e−
√
λ
2pi
S [Φ] ≈ e−
√
λ
2pi
S [Φcl] Sdet−1/2KC, (11)
where Φ denotes the different fields, Φcl the classical solution,
while SdetKC corresponds to bosonic and fermionic determi-
nants from second order fluctuations. The equivalent expres-
sion for the latitude is more elaborate as zero modes from the
moduli in the classical solution are traded by collective coordi-
nates in the path integral [17]
ZL ≈ e−
√
λ
2pi
S [Φcl]Sdet′−1/2KL
∫ 3∏
n=1
λ1/4
2pi
dϕn det
ij
1/2
〈
∂Φcl
∂ϕi
,
∂Φcl
∂ϕj
〉
,
(12)
where there is additional integration over the moduli space of
solutions each with a factor3 of λ1/4/2pi, a Jacobian from the
change of variables4 and Sdet′ represents the corresponding
fluctuation determinants with the zero modes excluded.
It is easy to see that the string action at the classical solution
satisfies
C : S [Φcl] = −2pi, L : S [Φcl] = 0, (13)
which perfectly reproduce the exponential behaviours in (5).
We will now focus on the different contributions to the ratio at
next to leading order for large λ.
3This factor is chosen such that the path integral over fluctuations with non-
zero eigenvalues leads to the determinant of the differential operator without
any additional multiplicative factors coming from the string action. For more
details see [17].
4In fact, ∂Φcl/∂ϕi correspond to zero modes of K = δ
2S/δΦ2 |cl . To see this
differentiate the equations of motion 0 = ∂
∂ϕi
δS
δΦ
∣∣∣
cl
= δ
2S
δΦδΦ
∂Φ
∂ϕi
∣∣∣
cl
= K
∂Φcl
∂ϕi
.
2
3.2. Integration over moduli
Integration over the angles of S 3 corresponding to the moduli
of the latitude classical solution follows from (2) and (8)
∂n
∂ϕi
∣∣∣∣∣
cl
=
(
∂k
∂ϕi
tanhσ, 0, 0
)
, (14)
resulting in
∫
S 3
3∏
n=1
dϕn det
i j
1/2
〈
∂n
∂ϕi
,
∂n
∂ϕ j
〉
= 2pi2
〈
ψ0|Ω2L|ψ0
〉3/2
. (15)
In the above ψ0 = tanhσ and we used the definition of the inner
product implied by the worldsheet metric (9)
〈
ψ1
∣∣∣Ω2∣∣∣ψ2〉 =
2pi∫
0
∞∫
0
Ω2ψ1ψ2 dσdτ. (16)
Explicit evaluation shows that the right hand side of (15) is fi-
nite, consistent with the normalizability of the zero mode ψ0.
From the above, we obtain for the ratio
ZC
ZL
= e
√
λλ−3/44pi
Sdet′1/2KL
Sdet1/2KC
〈
ψ0|Ω2L|ψ0
〉−3/2
. (17)
3.3. Functional determinants
Expansion of the Green-Schwarz action to second order in
fluctuations around the classical solution leads to the following
ratio of determinants for each partition function
SdetK =
det3K1det3K2 detK3+ detK3−
det4D+det4D−
, (18)
where the operators above are given in terms of [13, 14]
K˜1 = −∂2τ − ∂2σ +
2
sinh2σ
, (19)
K˜2 = −∂2τ − ∂2σ −
2
cosh2 (σ + σ0)
, (20)
K˜3± = −∂2τ − ∂2σ ± 2i (tanh (2σ + σ0) − 1) ∂τ
+ (tanh (2σ + σ0) − 1) (1 + 3 tanh (2σ + σ0)) , (21)
D˜± = i∂στ1 −
[
i∂τ ∓
1
2
(1 − tanh (2σ + σ0))
]
τ2
+
1
Ω sinh2σ
∓ 1
Ω cosh2 (σ + σ0)
, (22)
with σ0 = ∞ for the 1/2-BPS circle and σ0 = 0 for the 1/4-
BPS “special” latitude5, while tilded and untilded operators are
related by
K = 1
Ω2
K˜ , D = 1
Ω3/2
D˜Ω1/2, (23)
5The parameter σ0 here is related to the angle θ0 = arccos (tanhσ0)
parametrizing the entire family of latitude Wilson loops with θ0 ∈ [0, pi/2].
with Ω denoting the circle and latitude conformal factors in
(10). In equation (18), the operator K1 corresponds to bosonic
fluctuations around three directions of AdS , K2 to three direc-
tions along the S 3 inside S 5, K3± result from a mixing of the
remaining transversal directions to the worldsheet, while D±
comes from expanding fermions to second order and gauge fix-
ing κ-symmetry.
It is easy to check that for the latitude (σ0 = 0) ψ0 is indeed
a zero mode6
KL2 ψ0 = K˜L2 ψ0 = 0. (24)
Evaluation of the determinants in (18) is simplified by
Fourier expanding along the τ direction (i∂τ → ω) as the result-
ing differential operators depend exclusively on σ. Frequencies
are ω ∈ Z for bosons and ω ∈ Z + 1/2 for fermions in order to
account for periodic and anti-periodic boundary conditions.
3.4. Conformal factors and regulators
In the Gel’fand-Yaglommethod, just as for phaseshifts, eval-
uation of determinants requires dropping the conformal factors
in the operatorsK and D in (23). The later is achieved by per-
forming a conformal transformation which allows to go from
the worldsheet metric (9) to the flat metric ds2 = dτ2+dσ2. This
transformation is singular at σ = ∞ and changes the topology
of the worldsheet from disk to cylinder, but allows to instead
consider the determinants of the untilded operators K˜ and D˜.
Evaluation of determinants on the cylinder requires the in-
troduction of an IR regulator R at very large σ. Such procedure
potentially breaks diffeomorphism invariance. To circumvent
this issue, in [16] it was proposed to use different regulators for
each Wilson loop such that the area removed by the cutoff is
the same. For the present case this results in introducing two IR
regulators RC and RL defined through
R (θ0) = Rinv − 1
2
ln
1 + cos θ0
2
,
whereRC and RL follow from replacing their corresponding val-
ues θ0 = 0 and θ0 = pi/2, while Rinv ≫ 1 is fixed as it does not
depend on θ0.
The 1-loop determinants in the partition function depend ex-
ponentially on the IR regulators and a finite remnant remains
[16]. Performing this conformal transformation from tilded to
untilded operators results in
ZC
ZL
= e
√
λλ−3/44pi
Sdet′1/2K˜L
Sdet1/2K˜C
eRC−RL 〈ψ0|ψ0〉−3/2
= e
√
λλ−3/4
√
2
pi
Sdet′1/2K˜L
Sdet1/2K˜C
eRC−RL
(ψ0|ψ0)3/2
, (25)
6The bosonic operators are read by expanding the string action to second
order in the form
∫
Ω2ξaˆKξaˆdτdσ where ξaˆ are fluctuations in the tangent
space, as the later is required by the fermionic part. Note that for the “special”
latitude expanding the string coordinates Xµ = Xµ|cl + Eµ aˆ |clξaˆ and choosing
a convenient representation for the vector k in (2) leads to a vielbein Eµ aˆ |cl ∝
cothσ along the S 3 angles. Along these directions a fluctuation ξaˆ ∝ tanhσ
amounts to shifting by a constant the values of the angles in the 3-parametric
degenerate classical solution.
3
with 〈ψ0|ψ0〉 denoting the norm of the zero mode on the cylinder
〈ψ0|ψ0〉 =
2pi∫
0
RL∫
0
tanh2 σ dσdτ
RL≫1≈ 2pi (ψ0|ψ0) , (26)
where we also defined (ψ0|ψ0) =
∫ Rinv
0
dσψ2
0
.
Note that the factors at the left of the ratio of determinants in
(25) precisely correspond to the field theory prediction (5).
4. Evaluation of the functional determinants
4.1. Determinants with the Gel’fand-Yaglom method
For all the operators without zero modes, the functional de-
terminants are obtained by using the typical Gel’fand-Yaglom
formalism. Note that it is necessary to choose adequate bound-
ary conditions for the evaluation of determinants. Dirichlet-
Dirichlet (D-D) boundary conditions are imposed on the opera-
tors without zero modes, while the zero mode ofK2 will require
special consideration. Since the remnant from the conformal
transformation from disk to cylinder has already been explicitly
included in (25), the Gel’fand-Yaglomprocedurewith regulator
Rinv is used for both loops.
In this setup the determinants for the operators in the ratio
of 1/2-BPS circular and 1/4-BPS latitude with arbitrary angle
θ0 were computed using Gel’fand-Yaglom in [13, 14] and the
main results are summarized in Appendix A. The results for the
“special” latitude follow by taking θ0 =
pi
2
in equations (A.1)-
(A.4), except for the operator K˜2 with ω = 0 where the zero
mode exists. We obtain
ln
detK˜L
1
detK˜C
1
= 0, (27)
ln
det′ K˜L
2
det K˜C
2
=
∑
ω∈Z
ω,0
ln
|ω|
|ω| + 1 + lnP0
= 2F (Λ) + lnP0, (28)
ln
det K˜L
3±
det K˜C
3±
=
1
2
∑
ω∈Z
ln
|ω| + 1
|ω| + 2
= F (Λ) − 1
2
ln
1
2
, (29)
ln
det D˜L±
det D˜C±
=
1
2
∑
ω∈Z+1/2
ln
|ω| + 1
2
|ω| + 3
2
= F (Λ), (30)
where P0 denotes the ratio of the functional determinants of K˜2
with ω = 0, and F (Λ) is defined by
F (Λ) =
Λ∑
ω=1
ln
|ω|
|ω| + 1 (31)
with a symmetric regulator denoted by Λ. Taking the limit
Λ → ∞ will recover the original summations. Collecting all
the pieces in (27)-(30), one finds
Sdet′1/2K˜L
Sdet1/2K˜C
=
√
2 P3/2
0
. (32)
The numerical factor in front of P0 above cancels the remnant
of the conformal map from section 3.4, resulting in
ZC
ZL
= e
√
λλ−3/4
√
2
pi
P3/2
0
(ψ0|ψ0)3/2
. (33)
To obtain the final result we now focus on the operators with
zero modes.
4.2. Excluding the zero mode
A naive application of the Gel’fand-Yaglom formalism onP0
will result in a vanishing partition function. Thus, it is neces-
sary to omit the zero mode. To achieve this goal, two modifi-
cations are expected. First, the D-D boundary condition should
be replaced by a Dirichlet-Neumann (D-N) boundary condition
since the zero modes will be ruled out by the first one. Second,
the Gel’fand-Yaglom formalism should be modified so that it
is suitable for the operators with zero modes. In the following
subsections, first we introduce a modifiedGel’fand-Yaglom for-
mula, then a short derivation is provided, and finally we apply
it to P0.
4.2.1. The modified Gel’fand-Yaglom formula
Consider two second order differential operators defined by
K˜L = −∂2σ − V(σ), K˜C = −∂2σ, (34)
where V(σ) is an arbitrary potential with the limit V(σ→ ∞) =
0. We assume that there is only one zero mode for K˜L. Un-
der the D-N boundary condition, the modifiedGel’fand-Yaglom
formula for such operators is7
det′ K˜L
det K˜C
=
(
φL
0
|φL
0
)
φL
0
(Rinv)∂σφ
C
0
(Rinv)
, (35)
where φL
0
and φC
0
are the eigenfunctions of K˜L,C with eigenvalue
zero satisfying the boundary conditions8
φC,L
0
(0) = 0, ∂σφ
C,L
0
(0) = 1, (36)
while the inner product in the numerator of (35) follows the
same definition as the one for ψ0 in (26). In the next section we
provide a derivation for (35).
7A similar expression for a modified Gel’fand-Yaglom formula under the
D-D boundary condition has been given in [23–25].
8For an arbitrary second order differential operator K˜L without zero modes,
the usual Gel’fand-Yaglom formula with the D-N boundary condition is
det K˜L/ det K˜C = ∂σφL(Rinv)/∂σφC(Rinv), where φC,L(σ) is the solution to
K˜C,LφC,L(σ) = 0 satisfying (36).
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4.2.2. Derivation of the modified Gel’fand-Yaglom formula
Gel’fand-Yaglom formulas for determinants of differential
operators with zero modes can be obtained using different ap-
proaches, for instance, using theWronski construction of Green
functions [21, 22], modifying slightly the operator or using the
results of [20] where the boundary conditions are perturbed. A
simpler route is perhaps to use as starting point the contour in-
tegration formalism proposed in [24, 25] for the case of D-D
boundary conditions. Modifying this construction for the case
of D-N boundary conditions leads to (35). The main idea of this
procedure is to construct a function which vanishes at all non-
zero eingenvalues, but not at the zero eigenvalue. Using such a
function it is easy to construct a modified zeta function for the
operator and obtain its determinant.
The zeta function of an arbitrary differential operator K˜L
with specified boundary conditions (D-N in our case) is defined
by ζK˜L (s) =
∑
n λ
−s
n where Re(s) > 1 and λn are the eigenvalues
of the operator which are assumed to be non-negative. By ana-
lytically continuing the zeta function to s = 0, the functional de-
terminant of the operator is related to it by ln det K˜L = −ζ′K˜L(0).
We denote by φLβ (σ) the solutions to K˜LφLβ (σ) = β2φLβ (σ)
with boundary conditions φL
β
(0) = 0 and ∂σφ
L
β
(0) = 1. The first
one imposes the Dirichlet boundary condition, while the second
fixes the normalization. The eigenvalues λn are determined by
the Neumann boundary condition ∂σφ
L
λn
(Rinv) = 0. Thus, the
zeta function of K˜L can be written in the form of a contour
integral
ζK˜L (s) =
1
2pii
∮
dβ β−2s∂β ln ∂σφLβ (Rinv), (37)
with the contour surrounding the whole non-negative real axis.
The above expression is actually divergent since the zero eigen-
value is also included, so it is necessary to study the asymptotic
behaviour of the zero modes for the purpose of omitting the
zero eigenvalue. Now consider the equation
Rinv∫
0
dσφL0 K˜LφLβ = β2
Rinv∫
0
dσφL0φ
L
β . (38)
Integrating the left hand side by parts twice moves the operator
K˜L to the left of φL
0
which results in zero, and produces two
boundary terms. The integral on the right hand side is the inner
product
(
φL
0
|φLβ
)
. Applying the boundary conditions, one finds
∂σφ
L
β (Rinv) = −
β2
(
φL
0
|φLβ
)
φL
0
(Rinv)
≡ −β2uβ(Rinv). (39)
Note that uλn(Rinv) = 0 as long as λn , 0, and uλn(Rinv) , 0
when λn = 0 since the inner product
(
φL
0
|φL
0
)
is positive defi-
nite. Thus, the roots of uβ(Rinv) = 0 build out the whole non-
vanishing operator spectrum. Consequently, it is natural to re-
place ∂σφ
L
β
(Rinv) in (37) by uβ(Rinv) to remove the zero in the
spectrum. To preserve the asymptotic behaviour of ∂σφ
L
β
(Rinv)
as β→ ∞, we define a function vβ(Rinv) ≡ (1− β2)uβ(Rinv). The
zeta function, omitting the zero eigenvalue, goes as
ζK˜L(s) =
1
2pii
∮
dβ β−2s
(
∂β ln vβ(Rinv) − ∂β ln(1 − β2)
)
.
Note that the contour integral of the second term just equals
to one. To evaluate the integral of the first term, one can de-
form the contour to the imaginary axis by giving β in the upper
(lower) part of the contour a phase eipi/2 (e−ipi/2). Since there are
no poles on the imaginary axis, the integration equals to
ζK˜L(s) =
sin pis
pi
∞∫
0
dβ β−2s
(
∂β ln viβ(Rinv)
)
− 1. (40)
The resulting functional determinant omitting the zero mode is
ln det′K˜L = −ζ′K˜L(0) = − ln viβ(Rinv)|
∞
β=0 = ln
u0(Rinv)
∂σφ
L
i∞(Rinv)
,
(41)
where we used (39) on the right hand side.
On the other hand, there is no zero mode for K˜C, so its zeta
function is defined in the typical way by (37) with ∂σφ
C
β
(Rinv),
which results in9
ln det K˜C = ln ∂σφ
C
0
(Rinv)
∂σφ
C
i∞(Rinv)
. (42)
Notice that in the limit of |β| → ∞, φLβ = φCβ , one finally obtains
ln
det′K˜L
det K˜C
= ln
u0(Rinv)
∂σφ
C
0
(Rinv)
= ln
(
φL
0
|φL
0
)
φL
0
(Rinv)∂σφ
C
0
(Rinv)
. (43)
4.2.3. Using the modified Gel’fand-Yaglom formula
To calculate P0, we take K˜L → K˜L2 |ω=0, K˜C → K˜C2 |ω=0. By
solving the zero eigenvalue equations for the differential opera-
tors subjected to the boundary conditions (36), one finds
φC0 (σ) = σ, φ
L
0 (σ) = tanhσ = ψ0. (44)
Following the recipe in (35) with Rinv → ∞,
P0 =
det′ K˜L
2
|ω=0
det K˜C
2
|ω=0
= (ψ0|ψ0) . (45)
Combining (33) and (45) retrieves the exact gauge theory pre-
diction10
WC
WL
=
ZC
ZL
= e
√
λλ−3/4
√
2
pi
. (46)
9The Gel’fand-Yaglom formula for the case of D-N boundary conditions
without zero modes shown in footnote 8 follows directly from (42).
10Notice that there is an explicit cancellation of the (ψ0 |ψ0) factors from
Sdet′KL and the Jacobian from the transformation to collective coordinates.
The later is a phenomenon observed in instanton methods and could be used to
greatly simplify calculations [20, 23].
5
5. Conclusions
In this letter we have revisited the computation of the 1/2-
BPS circular Wilson at 1-loop in AdS 5 × S 5 in the setup of [17]
by using Gel’fand-Yaglom results and the zero mode exclusion
method of [23, 24]. As in the phaseshift computation, exact
matching with the field theory prediction is achieved and the
final result follows from the zero modes of the latitude mod-
uli as other contributions cancel. The later is one of several
similarities between the phaseshift and Gel’fand-Yaglom tech-
niques, which are among the most popular methods for preci-
sion holography for Wilson loops having achieved similar suc-
cess for AdS 4 ×CP3 [27, 28]. It would be interesting to elabo-
rate on the possible connections between these methods in fur-
ther works11.
Another string Wilson loop calculation where the techniques
used here for zero modes could find application is the ratio of
fermionic 1/2-BPS and bosonic 1/6-BPS circular Wilson loops
in ABJM [30]. According to localization the ratio of these
Wilson loops is proportional to λ−1/2 at large λ [31]. In this
setup the string solution for the bosonic circular Wilson loop in
AdS 4 × CP3 is expected to have two zero modes related to the
smearing over a CP1 inside CP3 [32].
Zero modes play an important role when studying the con-
tributions of Fadeev-Popov ghosts and bosonic longitudinal
modes, an issue that has held back the calculation of individ-
ual Wilson loops in string theory. It would be interesting to see
if extensions of techniques like the one used here, along with a
better understanding of the required boundary conditions, could
shed some light into this problem.
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Appendix A. Gel’fand-Yaglom results for latitude Wilson
loop determinants
The evaluation of functional determinants for the ratio of a
1/2-BPS circle and 1/4-BPS latitude Wilson loop with arbitrary
angle θ0 ∈ [0, pi/2) was carried out in [13, 14] using Gel’fand-
11Connections between the phaseshift and Heat kernel methods have been
recently discussed in [29].
Yaglom obtaining
ln
detK˜1 (θ0)
detK˜1 (0)
= 0, (A.1)
ln
det K˜2 (θ0)
det K˜2 (0)
=
∑
ω∈Z
ln
|ω| + cos θ0
|ω| + 1 , (A.2)
ln
det K˜3± (θ0)
det K˜3± (0)
=
1
2
∑
ω∈Z
ln
|ω| + 1 + cos θ0
|ω| + 2 , (A.3)
ln
det D˜± (θ0)
det D˜± (0)
=
1
2
∑
ω∈Z+1/2
ln
|ω| + 1
2
+ cos θ0
|ω| + 3
2
. (A.4)
Using these results in (18) leads to the main result of [13, 14]
ln
Sdet1/2K(θ0)
Sdet1/2K(0)
=
3
2
ln cos θ0 − 1
2
ln
1 + cos θ0
2
. (A.5)
The second term on the right is cancelled by careful considera-
tion of the mapping from the disk to the cylinder as explained
in section 3.4 and [16], leading to the field theory prediction.
Note that the final answer comes exclusively from the ω = 0
eigenvalues of K˜2 as all the other contributions cancel.
These results are carried on for the case considered here
where θ0 = pi/2, except for the zero mode of K˜2 for which
ω = 0. The later requires special treatment as explained in sec-
tion 4.2.
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